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1. The Newtonian brachistochrone problem

In 1696 Johann Bernoulli challenged the scientific community to solve the fol-
lowing problem:

Given two points A and B in a vertical plane, what is the curve traced

out by a point acted on only by gravity, which starts at A and reaches
B in the shortest time?
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Here ‘“gravity” means a homogeneous Newtonian gravitational field g.



The solution is a cycloid.

Correct solutions were supplied by Jakob Bernoulli, Isaac Newton, Guillaume
de I'Hospital and others.

Solution in modern terminology:
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Brachistochrones are geodesics of the Riemannian metric
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Example 1: Homogeneous dgravitational field
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Example 2: Kepler potential
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Example 3: Centrifugal potential

V(z,y) = —w?(z? + y?)
dr? + rzdcpz

hC’ = ’
2<C’ + w2r2)

C = —w?r?




Compare with Maupertuis’ principle in the version of Jacobi:

The trajectories of (unconstrained) particles with specific energy C
in a potential V(z,y,z) are geodesics of the “Jacobi metric”

he = 2(C — V(z,y,2))(dz* + dy® + dz?)

Hence:

Brachistochrones of specific energy C in the potential V (7)

Free trajectories of specific energy C in the potential V where
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2. The brachistochrone problem in a stationary spacetime

Spacetime metric g = —e?V(dt + y;dz?)? + h;jdz‘dz’
with V, v, h;; depending on (z', 22, %)

Metric representation subject to gauge transformations: ¢t —t 4+ u, ¥ — ¥ — du

with u depending on (z!, 2, x3)

“Spatial path” = worldsheet spanned
by W = 0; and spacetime curve ~

Q(Vﬁ;)’, ¥) =0 and g(v")';Ya W)=0

g("y,")/)=—].

—g(%, W) = e*V (£ + ¢;&") = e = const.




Two types of brachistochrones: Extremising proper time 7 or coordinate time t
T-brachistochrones ( =travel time brachistochrones):

Curve parametrised by proper time satisfies
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T-brachistochrones are geodesics of the Riemannian metric
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t-brachistochrones ( =arrival time brachistochrones):

dt dx’
B0V _y, L
dr dr

Inserting our previous result
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t is arclength with respect to a Finsler metric of Randers type.

The t-brachistochrones are Finsler geodesics.



Example 4: Rindler metric

g = —x2%dt?® + dx?® + dy2 + dz?

T-brachistochrones
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t-brachistochrones
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Example 5: Schwarzschild metric

g = —(1 — g)dtz + (1 — ¥> _1dr2 + r? (d192 + sin?? dcp2>

T-brachistochrones:
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t-brachistochrones:
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Example 6: Goedel spacetime
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Compare with (unconstrained) timelike geodesics in a stationary spacetime:

The timelike geodesics with specific energy C in a stationary space-
time project to geodesics of the Finsler metric

\/(iLC),de’de — ¢,dm’, (ilc)ij = (6_2V — 6_2C)hij

t-brachistochrones of specific energy C in a stationary spacetime with (V,w,h)

Spatial paths of timelike geodesics of specific energy C in a stationary spacetime
with (V,1,h) where (e=2V — e72C) (e20-2V —1) =1

In the limit C — oo : hy, = ho, = e 2Vh: Comparison with Fermat’s principle for
stationary spacetimes (Levi-Civita, 1918) shows that t-brachistochrones ap-
proach the spatial paths of lightlike geodesics.
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