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Completely integrable sector in 5D Einstein-
Maxwell gravity

1 1
RMV — 5 (F,LLAFVA — EFUAFJ)\QMV) ’

Spacetime symmetries: Three commuting Killing
vectors T'=0/0t, K1 = 9/0X, Ky = 0/9Y.

Ko>-hypersurface orthogonal
Metric:

ds® = e2"dY? + e~ “h;da"da’ (2)
h’L] - 4D Lorentz metric, hz] = hzj(ibk)

Maxwell 2-form :

F=dAy NdY, Ay = Ay(ajk) (3)



Dimensionally reduced equations
: 1 .
DZ‘DZU — —58_2uhZ]DZ‘AijAy,
D, (e—QUD’iA ) =0, (4)

R(h);; = a udju + —6—2“0 Ay 0 Ay

Ve — e + %e_uA%/ \/Lge_uAy .
1= 1 ugy e~ U (5)
V3 Y

D, [D’iMlMl—l] =0, (6)

3 _
Rij(h) = = Tr o;Mio; M. (T

Symmetries of the reduced equations:

hij — hij, My — GM1G',G € SL(2,R) (8)
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Further reduction along 7' and K,

Metric in canonical coordinates

hijda'de? = —e?V (dt + AdX)? + e 2V p?dX?

Twist potential

wZ—%*(h)(T/\dT)—mu:df (10)

1€4U

Opf = —=——0:A, (11)
2 p
1€4U

O f = 57 HhA. (12)

2U 4 2, —2U 2 —2U
M2:<€ ;fef2§ f:fo ) (13)
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2D reduced equations

8y (pc’?leMl_l) + 9, (p@leMl_l) =0,
p (papMQMgl) + 9, (pazMQMz—l) =0,

p—lapr=—é I (00M20,My ) ~Tr(9:M20:M; " )|
_g [T’r (8pM18pM1_1) —Tr ((%Mlale_lﬂ ’
pro.I = —%Tr (0pM20:M5 )

—ZTT (OpM10: M)

The sector of Einstein-Maxwell gravity under
consideration is completely integrable.



Solution generating method

Let us consider two solutions My, = M) and
Mo = M(2) of the o-model equations

O (pOpMM 1) + 0. (po-MM 1) =0. (14)

In addition let us denote by ~{%) the solution of
the system

p~ 1.4 = —%Tr (apM@)azM(i)_l) , (15)

10,70 = _é [TT (apMmapM@—l)

—Tr (azM@azM(i)_l)] . (16)

Then we find for the metric function I

= ’y(z) -+ 37(1). (17)



From a practical point of view it is more conve-
nient to associate the o-model solutions M (¥
with solutions of the vacuum Einstein equa-

tions*

O (z)

i : 2
ds%(i) — Ui qY 2 + e —eQUé) (dt + Ag)dX>

(4) () (4)
e U 24x2 4 e 2Un 278 (4,2 —|—dz2)]

which correspond to the matrixes
(i))2 —2U) 27 (e —2oy)
u'h —2U)

*From now on all quantities with subscript or superscript
"E" correspond to the vacuum case.



The metric function I‘%) for the vacuum Ein-
stein equations can be found from the equa-
tions of I' by setting Ay = 0 in the matrix M;.
So we obtain

r =~ + QW (18)

where Q%) IS a solution to the system

- i 3 i)\ ? i) ?
,0_18,29%) = gﬁpug)azug). (20)

We then find from (17) and (18) that

r=r?_q® 43 [rg) _ Q§;>] . (21)



Comparing the matrixes M7 and M(1) we ob-
tain

(1)
Ay (23)

|

N
5
ich

where fg) satisfies

1 AU
. . .
o) = 25" 0.40 (24
2 p
(2)
O:f1) = S——0pAy. (25)
Jo
Once having the metric function e?% = gy we

can write the EM metric



e

(1) (2) 2
ds? = Ve "qy? + e 2Up" | _e2Up (dt -+ Ag)dX)

(2)
e 22U 24x2

25 ’ —2u'? or(2 . 5 2
T Soaeg@ | ¢~ e P (de +dzT)
e °FE 3°°F

Summarizing, we obtain the following result



Proposition. [hep-th/0602116] Let us con-
sider two solutions of the vacuum 5D Einstein
equations

: : 2
ds2 = gyaldy? + gif? (dt + A(z)dX>
+ivWdX2 + i (dp? + d=?)

Then the following give a solution to the 5D
EM equations

E(1), | E(1)

2
ds® = 9001V 9y dY? +

X

ges2) (dt + A?d}() + 522 dax?

‘ 0(1)| E(1) pLTo(l) . . 2
+< QQ(1>+_Q(2) ) gpp ' (dp” + dz*)
e~""E '3°°F

Ay = +2v3fW)
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where f](E1> is a solution to the system

E(l))2 £(1)

9, f D = _%(900 pgw 9.AD),
5 /D _ Ll oy, )
JJr7 = 5 ; p AR

and Q%) satisfy



EXxplicit derivation of the dipole black ring
solutions

{neutral black ring} + {neutral black ring} —
{EM dipole black ring}

The first solution is with parameters {\{,v, R}
while the second is parameterized by {)\>, v, R}.

The derivation of the dipole black rings

with dilaton can be found in hep-th/0604140
and hep-th/0607101.
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some unresolved problems

1. {neutral black ring}+ {neutral black hole} —

(777}

2. {neutral black hole} + {black hole} —
{777}

3.{appropriate solution} + {black hole/ring} —
{black soluton 7?77}

4. Are there dipole black ring solutions with
rotation in ¢-direction? If YES, could they be
generated via the presented solution generat-
ing method?

= {dipole black ring with rotation in ¢-direction}
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