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Action principle:

I0 =
1

16πG

∫

M
ddx

√−g(R− 2Λ)− 1

8πG

∫

∂M
dd−1x

√−γK

– solutions with a compact extradimension z:

– Black strings Λ = 0:

vacuum (d− 1)− dimensions︸ ︷︷ ︸ + dz2

ds2 =
dr2

1− (r0

r )d−4 + r2dΩ2
d−3 − (1− (

r0

r
)d−4)dt2 + dz2

– Black strings Λ 6= 0: Schwarzschild-(A)dS + dz2 not a

solution!

parametrization of the d-dimensional line element ( d ≥ 5)

ds2 =
dr2

f(r)
+ r2dΣ2

k,d−3 − b(r)dt2 + a(r)dz2

where

dΣ2
k,d−3 =





dΩ2
d−3 for k = +1

∑d−3
i=1 dx2

i for k = 0

dΞ2
d−3 for k = −1
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the equations:

f ′ =
2k(d− 4)

r
+

2(d− 1)r

`2 − 2(d− 4)f

r
− f

(
a′

a
+

b′

b

)
,

b′′ =
(d− 3)(d− 4)b

r2 − (d− 3)(d− 4)kb

r2f
− (d− 1)(d− 4)b

`2f
+

(d− 3)ba′

ra

+
(d− 4)b′

r
− (d− 4)kb′

rf
− (d− 1)rb′

`2f
+

a′b′

2a
+

b′2

b
,

a′

a
= 2

b
[
`2(d− 3)(d− 4)(k − f) + (d− 1)(d− 2)r2

]− (d− 3)r`2fb′

r`2f
[
rb′ + 2(d− 3)b

] .

with Λ = −(d− 1)(d− 2)/(2`2)

– k = 0: a = r2, f = 1/b = −2M/rd−3 + r2/`2: AdS

topological black hole

– k = ±1: no exact solution!
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asymptotics r →∞

–even spacetime dimension:

a(r) =
r2

`2 +

(d−4)/2∑
j=0

aj(
`

r
)2j + cz(

`

r
)d−3 + O(1/rd−2),

b(r) =
r2

`2 +

(d−4)/2∑
j=0

aj(
`

r
)2j + ct(

`

r
)d−3 + O(1/rd−2),

f(r) =
r2

`2 +

(d−4)/2∑
j=0

fj(
`

r
)2j + (cz + ct)(

`

r
)d−3 + O(1/rd−2).

aj, fj are constants depending on k and d

a0 = (
d− 4

d− 3
)k , a1 =

(d− 4)2k2

(d− 2)(d− 3)2(d− 5)
,

a2 = − (d− 4)3(3d2 − 23d + 26)k3

3(d− 2)2(d− 3)3(d− 5)(d− 7)
,

f0 =
k(d− 1)(d− 4)

(d− 2)(d− 3)
, f1 = 2a1, f2 = − 2(d− 4)3(d2 − 8d + 11)k3

(d− 2)2(d− 3)3(d− 5)(d− 7)
, . . . .

–odd spacetime dimension:

a(r) =
r2

`2 +

(d−5)/2∑

j=0

aj(
`

r
)2j + ζ log(

r

`
)(

`

r
)d−3 + cz(

`

r
)d−3 + O(

log r

rd−1 ),

b(r) =
r2

`2 +

(d−5)/2∑

j=0

aj(
!

`
r)2j + ζ log(

r

`
)(

`

r
)d−3 + ct(

`

r
)d−3 + O(

log r

rd−1 ),

f(r) =
r2

`2 +

(d−5)/2∑

j=0

fj(
`

r
)2j + 2ζ log(

r

`
)(

`

r
)d−3 + (cz + ct + c0)(

`

r
)d−3 + O(

log r

rd−1 ),
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where we note ζ = a(d−3)/2
∑

k1>0(d− 2k1 − 1)δd,2k1+1, while

c0 = 0 for d = 5, c0 =
9k3`4

1600
for d = 7, c0 = −90625k4`6

21337344
for d = 9.

Black hole solutions: expansion near horizon r = rh

a(r) = ah +
2ah(d− 1)rh

(d− 1)r2
h + k(d− 4)`2 (r − rh)

+
ah(d− 1)2r2

h[
(d− 1)r2

h + k(d− 4)`2
]2 (r − rh)

2 + O(r − rh)
3,

b(r) = b1(r − rh)−
b1(d− 4)

[
(d− 1)r2

h + (d− 3)k`2
]

2(d− 1)r3
h + 2(d− 4)krh`2 (r − rh)

2 + O(r − rh)
3,

f(r) =
1

rh`2

[
(d− 1)r2

h + k(d− 4)`2](r − rh)

−(d− 4)

2r2
h`

2

[
(d− 1)r2

h + k(d− 3)`2](r − rh)
2 + O(r − rh)

3.

k = 1 nontrivial limit rh → 0

a(r) = ā0 +
ā0(d− 1)

(d− 2)
(
r

`
)2 +

ā0(d− 1)2

d(d− 2)2(d− 3)
(
r

`
)4 + O(r6),

b(r) = b̄0 +
b̄0(d!− 1)

(d− 2)
(
r

`
)2 +

b̄0(d− 1)2

d(d− 2)2(d− 3)
(
r

`
)4 + O(r6),

f(r) = 1 +
(d− 1)(d− 4)

(d− 2)(d− 3)
(
r

`
)2 +

2(d− 1)2

d(d− 2)2(d− 3)
(
r

`
)4 + O(r6).
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The properties of the solutions

boundary countertem action:

I0
ct =

1

8πG

∫
dd−1x

√−γ{−d− 2

`
− `Θ (d− 4)

2(d− 3)
R

− `3Θ (d− 6)

2(d− 3)2(d− 5)

(
RabR

ab − d− 1

4(d− 2)
R2

)

+
`5Θ(d− 8)

(d− 3)3(d− 5)(d− 7)

( 3d− 1

4(d− 2)
RRabRab − d2 − 1

16(d− 2)2R3.

.− 2RabRcdRacbd.− d− 1

4(d− 2)
∇aR∇aR +∇cRab∇cRab

)
+ ...},

For odd values of d, we have to add the extra terms:

Is
ct = 1

8πG

∫
dd−1x

√−γ log(r
`)

{
δd,5

`3

8 (1
3R

2 − RabR
ab)

− `5

128

(
RRabRab − 3

25R
3 − 2RabRcdRacbd − 1

10R
ab∇a∇bR + Rab¤Rab − 1

10R¤R
)
δd,7 + . . .

}
.

boundary stress-tensor

Tab =
2√−γ

δI

δγab
.

Killing vector ξa ⇒ conserved charge

Qξ =

∮

Σ
dd−2Sa ξbTab,
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Mass and Tension:

M = M0 + M (k,d)
c , M0 =

`d−4

16πG

[
cz − (d− 2)ct

]
LVk,d−3 ,

T = T0 + T (k,d)
c , T0 =

`d−4

16πG

[
(d− 2)cz − ct

]
Vk,d−3 ,

(Vk,d−3 – the total area of the angular sector)

M (k,d)
c = −LT (k,d)

c =
`d−4

16πG
Vk,d−3L

(
1

12
δd,5 − 333

3200
δd,7 + . . .

)
.

Hawking temperature:

TH =
1

4π

√
b1

rh`2

[
(d− 1)r2

h + k(d− 4)`2
]
.

Entropy:

S = AH/4G, where AH = rd−3
h Vk,d−3L

√
ah

Smarr-type formula

M + T L = THS
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the equations are solved numerically 5 ≤ d ≤ 12

d = 5, k = 1 Copsey and Horowitz, hep-th/0602003

k = −1: 0 < rmin < rh < ∞

k = −1: 0 ≤ rh < ∞

k = 1 nontrivial rh = 0 limit; nonzero mass and tension!

as rh → 0 we find a(r) = b(r):

ct(d = 6) ' −0.0801, ct(d = 7) ' −0.0439, ct(d = 8) ' 0.0403,

ct(d = 9) ' 0.0229.

plot typical d = 6 solution:

 0

 10

 20

 30

 40

 50

 60

 70

 1  2  3  4  5  6  7  8

r

d=6  k=1  rh=0.5

 0

 0.5

 1

 1.5

 2

 2.5

 0.5  0.75  1  1.25

 

 

b(r)a(r)

f(r)

8



-1

 0

 1

 2

 3

 4

 0  0.5  1  1.5  2

rh

d=6  k=1
-T

TH

S
M

a(rh)

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

 0  0.5  1  1.5  2

rh

d=9  k=1

-T0

TH

-S

M0

a(rh)

features of k = 1 solutions

9



-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

 0.8  1  1.2  1.4  1.6  1.8

rh

d=7  k=-1

-T0

TH

-S

M0

a(rh)

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

 0.8  1  1.2  1.4  1.6  1.8

rh

d=10  k=-1

-T

TH

S

M a(rh)

features of k = −1 solutions

10



-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2  0.4  0.6  0.8  1  1.2  1.4

F-
F 0

TH

k=1

d=5

d=6

d=7

d=8

d=9

d=10

-0.015

-0.01

-0.005

 0

 0.005

 0.4  0.8  1.2

 

Boundary CFT metric: hµν = limr→∞ `2

r2γµν.

ds2 = habdxadxb = −dt2 + dz2 + `2dΣ2
k,

CFT stress tensor:

√
−hhab < τbc >= lim

r→∞
√−γγabTbc,

d = 5:

< τ t
t >=

36ct − 12cz − 1

192πG`
, < τ z

z >=
−12ct + 36cz − 1

192πG`
,

< τ θ
θ >=< τφ

φ >=
−12(ct + cz) + 2

192πG`
.
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Further remarks:

new Einstein-Maxwell-dilaton solutions with Liouville potential in d− 1-dims:

generation technique: SL(2, R) symmetry

ds2
d−1 = −ab(α2a− γ2b)−

d−4
d−3dt2 + (α2a− γ2b)

1
d−3

dr2

f
+ r2(α2a− γ2b)

1
d−3dΣ2

k,d−3,

eφ = (α2a− γ2b)
−

√
d−2

2(d−3) , A =
αβa− γδb

α2a− γ2b
dt .

Open questions:

• d = 5 black ring solutions with Λ < 0 ?

• Gregory-Laflamme instability?

• Λ < 0 nonuniform black hole solutions? (nontrivial z− depen-

dence)

• rotating black string solutions (Yves Brihaye and Eugen Radu

- to appear)
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